Introduction
One way of seeing a vertex algebra V is as a vector space with infinitely many bilinear multiplications u,,v, n E Z, which correspond to "normal order products" u(z),v(z) of fields U(Z) and v(z) associated to vectors u and v. For two fields there is a formula in which the commutator is expressed in terms of products u(z),v(z) only for n 20. So any vector space U c V closed for "positive" multiplications will look like some kind of Lie algebra. In this paper we define a vertex Lie algebra as a vector space U given infinitely many bilinear multiplications unv, RE N, satisfying a Jacobi identity and a skew symmetry in terms of given derivation D. In particular, any vertex algebra is a vertex Lie algebra if we forget the multiplications other than for n 20. This structure is sufficient to construct a Lie algebra Y(U) generated by vectors u,,, UE U, y1 E 77, such that the commutator formula for fields with U(Z) = CnEE U,Z-"-' defines the commutator in _Y( U). This Lie algebra has the obvious decomposition _Y( U) = .K( U) $ Y+(U) and the induction by a trivial A?+(U)-module gives a generalized Verma _9?( U)-module "f(U) = "iq=qU)) @'//(Y+(U)) c " "4qsp-(U>),
where Q stands for the universal enveloping algebra of a given Lie algebra.
We show that Y(U) is a vertex algebra and that we may consider U as a subset U c f (U) which generates Y'(U). So an "abstract" U turns to be as in the "concrete" motivating example at the beginning. Moreover, for any vertex algebra V a given homomorphism U 4 V of vertex Lie algebras extends uniquely to a homomorphism Y(U) + V of vertex algebras. Because of this universal property we call Y(U) the universal enveloping vertex algebra of U. These constructions are modeled after and apply to the well known examples of vertex (super)algebras associated to affine Lie algebras, Virasoro algebra and Neveu-Schwarz algebra.
In the second part of this paper we study under what conditions on structure constants one can construct a vertex algebra by starting with a given commutator formula for fields, or equivalently, by starting with a given singular part of operator product expansion for fields. In the case of a commutator formula closed for a set S of quasiprimary fields we give explicit necessary and sufficient conditions for the existence of universal vertex algebra Y( (S) ) generated by S. This work rests on the inspiring results of Hai-sheng Li in [ 121 and in a way a complementary theorem on generating fields in [5, 141, but it goes without saying that many ideas used here stem from [ 1,2,6-81, to mention just a few. Li's point of view on generating fields gives a natural framework for studying modules and it was tempting to see how some of his Lie-theoretic arguments could be extended to a more general setting. The key technical point is the observation that a direct proof that the local algebra _%'(I') of vertex algebra V is a Lie algebra involves just a "positive half" of both the Jacobi identity and the skew symmetry, i.e., to be more precise, involves only the principal part of the formal Laurent series which appear in these relations. In a similar way only a "positive half" of the commutator formula implies the "positive half" of the Jacobi identity. Some of these arguments are essentially a simpler copy of Li's arguments for vertex (super)algebras and work just the same in the vertex superalgebra case.
Generating fields for vertex algebras
For a &-graded vector space W = W" + W' we write /uI E&, a degree of u, only for homogeneous elements: IuI= 0 for an even element u E W" and IuI= 1 for an odd element u E W' . For any two &-homogeneous elements u and v we define E,~,~ = (_l)'"ll'l EZ. Finally, for any Z2-homogeneous u, v E V and n E Z we assume I%Vl = /uI + 10 (2.6) (i.e., U,,V is homogeneous and )u,v\ = 1~) + Iv\). Sometimes we will emphasize that Y(u,z) is pertinent to a vertex superalgebra V by writing Yv(u,z).
In the definition of vertex superalgebra, VSA for short, condition (2.4) can be equivalently replaced by the condition Y(u,z)l = eZDu for all u E I', and both are called the creation property. In a way the creation property is a special case of the skew symmetry Y(u,z)v = cL,.,.eZDY(v, -z)u which holds for all homogeneous u, VE V.
Note that in the case when V = V", i.e., when all vectors are even, all &-grading conditions become trivial and we speak of a vertex algebra, VA for short. In general, for a .Zz-graded vector space W the vector spaces
are Z2-graded as well and our assumption (2.6) implies that for a homogeneous element u E V the operators un are homogeneous for all n E Z, that Y(u,z) is homogeneous and 
for all U, VE V, n E Z; as a consequence we have relations
For a subset U c V we denote by (U) a vertex superalgebra generated by U, i.e., the smallest vertex superalgebra containing the set U.
A module M for a vertex superalgebra V is a Zz-graded vector space A4 = M" + A4 ' equipped with an even linear operator DE (End M)' and a linear map
satisfying the following conditions for u, v E V and w g M:
U,W = 0 for nEL sufficiently large;
Y~(l,z) = idM (the identity operator on A4).
For Zz-homogeneous elements U, v E V the Jacobi identity holds:
Finally, for any Z2-homogeneous u E V, w EM and n E Z we assume I%WI = IUI + Iwl (2.11) (i.e., U,W is homogeneous and lu,,wl = Iu/ + iw~l). Clearly, V is a V-module with Yv(u,z)= Y(u,z), and, as before, for a V-module M we have l~l= I&l = IYM(U,Z)l.
Let A4 be a V-module and U, VE V homogeneous elements. Set u(z) = Y~(u,z) and v(z) = Y~(v,z). As a consequence of the definition of V-module M we have the normal order product formula and the locality: The normal order product formula states that the field Y~(u,v,z) equals
The locality property states that for some N = N (u, v 
In the case when formal Laurent series u(z) and v(z) satisfy relation (2.13) for some N = N(u(z), V(Z)) E N, we say that u(z) and v(z) are local to each other. Clearly this theorem implies that for a vertex superalgebra V the set of fields
IS a vertex superalgebra, and by construction it is clear that u H Y(u,z) is an isomorphism. Because of this isomorphism we shall sometimes say that for a subset U c V the vertex superalgebra (U) c V is generated by the set of fields {Y(u,z) I UE u>.
For the following theorem see [5,8, 
Also note that 4 preserves the Zz-grading and that c$( W) c V is a &-graded subspace.
Step 1: qb is injective. Assume that a(z) E W is homogeneous and a-1 1 = 0. Since a(z)1 is a power series in z, (2.14) and Dl = 0 imply a(z)1 = eZDu_l 1 = 0.
(2.17)
Hence a(zl)u,u=O and u,X cX. Since (2.17) implies VEX, it follows from (2.16) that X = V. Hence a(z) = 0 and C#J is injective.
Step 2: Set X = C#J( W). Since C$ is injective we can define We have showed that V satisfies the conditions of [12, Proposition 2.2.41, so V is a vertex superalgebra. 0
Vertex Lie algebras
Let V be a vertex superalgebra. By taking Res, Resz, zz of the Jacobi identity for V or the Jacobi identity for a V-module M, that is the coefficients of ~0"~ 'z; ' , we get the normal order product formula (2.12). These relations are the components of associator formula obtained by taking the residue Res,, of the Jacobi identity:
By taking the residue Res, of the Jacobi identity we get the commutator formula (3.1)
We can write these identities for components II, and II,, of Y(u,z) and Y(v,z):
In general, if we take Res,,ResZ, Res,, z$z;Iz; of the Jacobi identity applied to a vector w, that is the coefficients of z~~~'z~"-'z~~-', we get for components of vertex operators the identities
These relations hold for all k,m,n E Z, but it should be noticed that for k,m,n E N these relations involve only indices in N. In a way the purpose of this paper is to study the consequences of this "half" of the Jacobi identity.
Let A and B be two formal Laurent series (in possibly several variables zo,zt , . . .). We shall write A cz B if the principal parts of A and B are equal. For example, A(zo,z~,z~) ~B (zo,z~,z~) means that the coefficients of z~~-'z~"-'z~"-' in A equal the coefficients in B for all k,m,n E N. In particular, the set of relations (3.2) for all k,m,n E N is equivalent to the "half Jacobi identity" (3.6) written below. In a similar way we shall speak of the half commutator formula or the half associator formula.
From the way they were obtained, it is clear they are a subset of the half Jacobi identity viewed by components.
With the above notation we define a vertex Lie superalgebra U as a &-graded vector space U = U" + U' equipped with an even linear operator D on U called the derivation and a linear map Finally, for any &homogeneous u, u E U and n 2 0 we assume
(i.e., U,U is homogeneous and Iu,vI = ]u/ + Ivl). Sometimes we will emphasize that Y(u,z) is pertinent to a vertex Lie superalgebra U by writing Yu(u,z). Loosely speaking, a vertex Lie superalgebra, VLSA for short, carries the "whole half" of the structure of vertex superalgebra related to "positive" multiplications, except that properties of 1 in the definition of VSA are replaced by the half skew symmetry in the definition of VLSA. The half skew symmetry can be written by components as
Also note that in the case when U = U", i.e., when all vectors are even, all Z2-grading conditions become trivial and we speak of a vertex Lie algebra, VLA for short.
We define a homomorphism cp : U + W of two VLSA as a &-grading preserving linear map cp such that
Left (resp. right, two-sided) ideals in U are defined as left (resp. right, two-sided) ideals for all multiplications.
Note that an one-sided &-graded ideal in VLSA which is invariant for D must be two-sided ideal because of the half skew symmetry. For a subset S c U we denote by (S) a vertex Lie superalgebra generated by S, i.e., the smallest vertex Lie superalgebra containing the set S.
A partial justification for our terminology might be the following lemma proved 
Hence the structure of vertex Lie superalgebra (S) c V is completely determined by 
In all of these examples the set S c V generates the corresponding vertex superalgebra V. In particular, the vertex Lie superalgebra U = (S) c V generates the corresponding vertex superalgebra V, and obviously this is the smallest such vertex Lie superalgebra. On the other extreme, for a iZ+-graded vertex operator superalgebra V we have U = (S) = @k>O DkS = V if we take S to be the set of all quasi-primary fields, i.e., S = {U E V 1 L< 1)~ = O}. when u E U and n E Z'. Consider the quotient Zz-graded vector space
Lie algebras associated to vertex Lie algebras
The image of the vector u, in the quotient space we again denote by u,. Note that we have three meanings for u,, originally for n > 0 as a linear operator on U, now also for all n E Z as an element of U @ @[q, q-'1 or 5?(U), but it will be clear from the context which meaning we have in mind. [7] are used. By following [4] we may call sP( U) the local algebra of the vertex Lie algebra U. This notion of local
is a special case of a more general notion of local vertex Lie algebra over the base space U introduced in [3] .
It will be convenient to consider formal Laurent series (vertex operators) Here the first relation follows from (Du), = -iui_l, for the second we also need ui(Du)=D (u,v) - (Du) It remains to check the axioms of Lie superalgebra. Since
ycu,zi >I, the skew symmetry for Lie superalgebra holds. Note that (4.7) follows from (4.6) by using the half skew symmetry (3.5). As it was already mentioned, for getting this equality it was sufficient to know the equality for principal parts of Laurent series in variable ZO. Note that (4. and the residues Res,,, Res,,,. We obtain the expression (4.13) from (4.11) in a similar way. 0 Remark 4.2. Motivated by a definition of local vertex Lie algebra over the base space U given in [3] and by methods used in [9] , let us note the following:
: ( 6) The above proposition means that, with identification (5.1) the structure of vertex superalgebra on V(U) extends the structure of vertex Lie superalgebra on U c "I'(U).
As suggested by the next theorem, we shall say that V(U) is the universal enveloping vertex superalgebra of the vertex Lie superalgebra U. is an isomorphism of vertex superalgebra of fields with the algebra itself, both pl and p2 are homomorphisms of vertex superalgebras. Let us note at this point that p1 is a sutjection since V*(U) 2 { Yf (u)(v,z) ( VE "f"( Cl)} is generated by {Y, (u)(u,z) I u E U}.
Step
2: W is a 2?(U)-module and W = @(4u_(U))l(z).
A linear map
U @ C[q, q-l] --+ End W, u c3 q" H u(z), = YM(U,Z),
is obviously well defined. Since It is easy to see by using the associator formula (cf. dk+') E u, rz',Q , . . . ,nk E Z. Hence W = %(9(U))](z).
Du@qq"+nu@3q"-' H (Du)(z>~ + nu(zh-1 = Ys ~(v)(Du,z), + Yv(cp(Du)>z)t~ +nYf.((i)(u,~h-~ + nYdcp(uhzLl
Since we have u(z),Z(z) = 0 for n > 0, by using the PBW theorem we finally get W = @(K(U))1(z).
Step 3: The map p1 : W + V(U) is an isomorphism of vertex superalgebras. We already know that p1 is a surjective homomorphism. If we are to identify v H Yy (~1 (v,z) for r E V(U), the map pl is just a restriction a(z) w a(z) 1 V-(U), so on monomials of the form (5.6) we have with our identification PI : u(')(z),, u(2)(z),, . . . U(k)(z),,U(k+')(z),,,ll(Z) H u(')zp n1 u(k)u(k+l)l.
Hence for u E %(X(U)) we have pl(uZ(z)) = ul "u E @(9-(U)). This implies that
pl is an injection as well and that we have a homomorphism of vertex superalgebras Then we shall say that U is a VLA-J-SS (something like a vertex Lie superalgebra without the half Jacobi identity and without the half skew symmetry).
Lemma 5.7. Let A4 be a restricted (di4( U) x CD)-module and let W be u vertex superalgebra generated by { Y~(u,z) 1 u E U" U U'}. Set u(z) = YM(u,z) and denote by u(z), operators on W dejined by multiplications (2.12). Then the linear mup
If for an VLA-J-SS U the half Jacobi identity (3.6) holds, then we shall say that U is a VLA-SS.
If for an VLA-SS U the half skew symmetry (3.5) holds, then
Lie superalgebra.
For U and W having any of the above structures we define a be a Zl-grading preserving linear map 40 : U + W such that
clearly U is a vertex homomorphism CP to Left (resp. right, two-sided) ideals in U are defined as left (resp. right, two-sided) ideals for all multiplications. to establish the equality of principal parts of (6.4) and (6.5) it is enough to know the equality of principal parts of formal Laurent series appearing in the half commutator formula (6.1). 0
Lemma 6.2. In the definition of VLA-SS the half Jacobi identity cun be equivalentl~~ substituted by the half associutor formula
Proof. Let us assume that the half associator formula holds:
-E,,,: Res,, z,'6 y(w2)y(vl).
Let n > 0. By using arguments as in the proof of Lemma 6.1 we get This shows that Wi is a right ideal, i.e., that (Wi),wC WI for all WE W and n>O.
Note that we obtained (6.13) from (6.12) by using the fact that IV, is a left ideal invariant for D. The remaining statements are clear. 0
If U is a VLA-J-SS, we set u J+ss = (UJ),, = U/(Jacobi)/(skew symm.).
Moreover, for any homomorphism cp from U to a vertex Lie superalgebra V we set 
n,kzO
If there is such V, we could say that V is generated by a formula defined by the set of maps {Fok 1 n, k > 0). There are many examples when this is the case; besides the examples in [12] mentioned before one may consult [3] and the references therein.
We shall say that a &graded vector space S is a formula if it is equipped with infinitely many Zz-grading preserving linear maps Hence it must be We shall say that cp : S --j V is a homomorphism from S to V if 4 is a homomorphism (cf. Section 6). By using ( 2) for k =m = n =0 is the Jacobi identity for Lie superalgebras.
In the same way we see that the assumption F, = 0 for all n > 1 and FO a Lie superalgebra commutator implies the half Jacobi identity and the half skew symmetry relation for elements in S, so then by Lemmas 7.4 and 7. It is easy to see that for U, v, w E S the elements of the form (7.6) and (7. The commutator formula for ~0, ot,w2 shows that on U we have a representation of the Lie algebra ~12, in standard notation for basis elements e = -9, h = -2~14, ,f =oo=D. 
